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How to generate all possible rational
Wilf-Zeilberger pairs?
Dedicated to the memory of Jonathan M. Borwein and Ann Johnson
Shaoshi Chen
Abstract A Wilf–Zeilberger pair (F,G) in the discrete case satisfies the equation
F(n+ 1,k)−F(n,k) = G(n,k+ 1)−G(n,k).
We present a structural description of all possible rational Wilf–Zeilberger pairs and
their continuous and mixed analogues.
1 Introduction
The Wilf–Zeilberger (abbr. WZ) theory [61, 62, 50] has become a bridge between
symbolic computation and combinatorics. Through this bridge, not only classical
combinatorial identities from handbooks and long-standing conjectures in combina-
torics, such as Gessel’s conjecture [39, 10] and q-TSPP conjecture [41], are proved
algorithmically, but also some new identities and conjectures related to mathemat-
ical constants, such as pi and zeta values, are discovered via computerized guess-
ing [22, 9, 54, 18].
WZ-pair is one of leading concepts in the WZ theory that was originally intro-
duced in [62] with a recent brief description in [59]. In the discrete case, a WZ-pair
(F(n,k),G(n,k)) satisfies the WZ equation
F(n+ 1,k)−F(n,k) = G(n,k+ 1)−G(n,k),
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where both F andG are hypergeometric terms, i.e., their shift quotients with respect
to n and k are rational functions in n and k, respectively. Once a WZ-pair is given,
one can sum on both sides of the above equation over k from 0 to ∞ to get
∞
∑
k=0
F(n+ 1,k)−
∞
∑
k=0
F(n,k) = lim
k→∞
G(n,k+ 1)−G(n,0).
If G(n,0) and limk→∞ G(n,k+ 1) are 0 then we obtain
∞
∑
k=0
F(n+ 1,k) =
∞
∑
k=0
F(n,k),
which implies that ∑∞k=0F(n,k) is independent of n. Thus, we get the identity
∑∞k=0F(n,k) = c, where the constant c can be determined by evaluating the sum for
one value of n. We may also get a companion identity by summing theWZ-equation
over n. For instance, the pair (F,G) with
F =
(
n
k
)2(
2n
n
) and G= (2k− 3n− 3)k2
2(2n+ 1)(−n− 1+ k)2
·
(
n
k
)2(
2n
n
)
leads to two identities
∞
∑
k=0
(
n
k
)2
=
(
2n
n
)
and
∞
∑
n=0
(3n− 2k+ 1)
2(2n+ 1)
(
2n
n
)(n
k
)2
= 1.
Besides to prove combinatorial identities, WZ-pairs have many other appli-
cations. One of the applications can be traced back to Andrei Markov’s 1890
method for convergence-acceleration of series for computing ζ (3), which leads
to the Markov-WZ method [46, 40, 45]. WZ-pairs also play a central role in
the study of finding Ramanujan-type and Zeilberger-type series for constants in-
volving pi in [21, 23, 24, 26, 27, 42, 67, 37], zeta values [35, 34] and their q-
analogues [36, 31, 32]. Most recent applications are related to congruences and
super congruences [66, 44, 54, 55, 56, 57, 28, 29].
For appreciation we select some remarkable (q)-series about pi ,ζ (3) together
with (super)-congruences whose proofs can be obtained via WZ-pairs as follows
(this list is surely not comprehensive):
1. Ramanujan’s series for 1/pi : first recorded in Ramanujan’s second notebook,
proved by Bauer in [8], and by Ekhad and Zeilberger using WZ-pairs in [21].
For a nice survey on Ramanujan’s series, see [7].
2
pi
=
∞
∑
k=0
4k+ 1
(−64)k
(
2k
k
)3
.
2. Guillera’s series for 1/pi2: found and proved by Guillera in 2002 using WZ-
pairs [23]. For more results on Ramanujan-type series for 1/pi2, see Zudilin’s
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surveys [65, 67].
128
pi2
=
∞
∑
k=0
(−1)k
(
2k
k
)5
820k2+ 180k+ 13
220k
.
3. Guillera’s Zeilberger-type series for pi2: found and proved by Guillera usingWZ-
pairs in [25].
pi2
2
=
∞
∑
k=1
(3k− 1)16k
k3
(
2k
k
)3 .
4. Markov–Ape´ry’s series for ζ (3): first discovered by Andrei Markov in 1890,
used by Ape´ry for his irrationality proof, and proved by Zeilberger using WZ-
pairs in [63].
ζ (3) =
5
2
∞
∑
k=1
(−1)k−1
k3
(
2k
k
) .
5. Amdeberhan’s series for ζ (3): proved by Amdeberhan in 1996 using WZ-
pairs [5].
ζ (3) =
1
4
∞
∑
k=1
(−1)k−1
56k2− 32k+ 5
k3(2k− 1)2
(
2k
k
)(
3k
k
) .
6. Bailey–Borwein–Bradley identity: experimentally discovered and proved by Bai-
ley et al. in [6], a proof using the Markov-WZmethod is given in [34, 34] and its
q-analogue is presented in [36].
∞
∑
k=0
ζ (2k+ 2)z2k = 3
∞
∑
k=1
1(
2k
k
)
(k2− z2)
k−1
∏
m=1
m2− 4z2
m2− z2
, z ∈ C with |z|< 1.
7. van Hamme’s supercongruence I: first conjectured by van Hamme [60], proved
by Mortenson [47] using 6F5 transformations and by Zudilin [66] using WZ-
pairs.
p−1
2
∑
k=0
4k+ 1
(−64)k
(
2k
k
)3
≡ p(−1)
p−1
2 (mod p3),
where p is an odd prime and the multiplicative inverse of (−64)k should be com-
puted modulo p3.
8. van Hamme’s supercongruence II: first conjectured by van Hamme [60], proved
by Long [44] using hypergeometric evaluation identities, one of which is ob-
tained by Gessel using WZ-pairs in [22].
p−1
2
∑
k=0
6k+ 1
256k
(
2k
k
)3
≡ p(−1)
p−1
2 (mod p4),
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where p > 3 is a prime and the multiplicative inverse of (256)k should be com-
puted modulo p4.
9. Guo’s q-analogue of van Hamme’s supercongruence I: discovered and proved
recently by Guo using WZ-pairs in [29].
p−1
2
∑
k=0
(−1)kqk
2
[4k+ 1]q
(q;q2)3k
(q2;q2)3k
≡ [p]qq
(p−1)2
4 (−1)
p−1
2 (mod [p]3q),
where for n∈N, (a;q)n := (1−a)(1−aq) · · ·(1−aq
n−1)with (a;q)0 = 1, [n]q =
1+ q+ · · ·+ qn−1 and p is an odd prime.
10. Hou–Krattenthaler–Sun’s q-analogue of Guillera’s Zeilberger-type series for pi2:
inspired by a recent conjecture on supercongruence by Guo in [30], and proved
using WZ-pairs in [37]. This work is also connected to other emerging develop-
ments on q-analogues of series for famous constants and formulae [58, 32, 31].
2
∞
∑
k=0
q2k
2+2k(1+ q2k
2+2− 2q4k+3)
(q2;q2)3k
(q;q2)3k+1(−1;q)2k+3
=
∞
∑
k=0
q2k
(1− q2k+1)2
.
For applications, it is crucial to have WZ-pairs at hand. In the previous work,
WZ-pairs are obtained either by guessing from the identities to be proved using
Gosper’s algorithm or by certain transformations from a given WZ-pair [22]. Rior-
dan in the preface of his book [51] commented that “the central fact developed is
that identities are both inexhaustible and unpredictable; the age-old dream of putting
order in this chaos is doomed to failure ”. As an optimistic respond to Riordan’s
comment, Gessel in his talk1 on the WZ method motivated with some examples
that “WZ forms bring order to this chaos ”, where WZ-forms are a multivariate
generalization of WZ-pairs [63]. With the hope of discovering more combinatorial
identities in an intrinsic and algorithmic way, it is natural and challenging to ask the
following question.
Problem 1. How to generate all possible WZ-pairs algorithmically?
This problem seems quite open, but every promising project needs a starting
point. In [43], Liu had described the structure of a special class of analytic WZ-
functions with F = G in terms of Rogers–Szego¨ polynomials and Stieltjes–Wigert
polynomials in the q-shift case. In [55], Sun studied the relation between generat-
ing functions of F(n,k) and G(n,k) if (F,G) is a WZ-pair and applied this relation
to prove some combinatorial identities. In this paper, we solve the problem com-
pletely for the first non-trivial case, namely, the case of rational WZ-pairs. To this
end, let us first introduce some notations. Throughout this paper, let K be a field
of characteristic zero and K(x,y) be the field of rational functions in x and y over
K. Let Dx = ∂/∂x and Dy = ∂/∂y be the usual derivations with respect to x and y,
respectively. The shift operators σx and σy are defined respectively as
1 The talk was given at the Waterloo Workshop in Computer Algebra (in honor of Her-
bert Wilf’s 80th birthday), Wilfrid Laurier University, May 28, 2011. For the talk slides, see the
link: http://people.brandeis.edu/˜gessel/homepage/slides/wilf80-slides.pdf
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σx( f (x,y)) = f (x+ 1,y) and σy( f (x,y)) = f (x,y+ 1) for f ∈ K(x,y).
For any q ∈ K \ {0}, we define the q-shift operators τq,x and τq,y respectively as
τq,x( f (x,y)) = f (qx,y) and τq,y( f (x,y)) = f (x,qy) for f ∈ K(x,y).
For z ∈ {x,y}, let ∆z and ∆q,z denote the difference and q-difference operators de-
fined by ∆z( f ) = σz( f )− f and ∆q,z( f ) = τq,z( f )− f for f ∈ K(x,y), respectively.
Definition 1. Let ∂x ∈ {Dx,∆x,∆q,x} and ∂y ∈ {Dy,∆y,∆q,y}. A pair ( f ,g) with
f ,g ∈ K(x,y) is called aWZ-pair with respect to (∂x,∂y) in K(x,y) if ∂x( f ) = ∂y(g).
The set of all rational WZ-pairs in K(x,y) with respect to (∂x,∂y) forms a linear
space over K, denoted by P(∂x,∂y). A WZ-pair ( f ,g) with respect to (∂x,∂y) is said
to be exact2 if there exists h ∈ K(x,y) such that f = ∂y(h) and g= ∂x(h). Let E(∂x,∂y)
denote the set of all exact WZ-pairs with respect to (∂x,∂y), which forms a sub-
space of P(∂x,∂y). The goal of this paper is to provide an explicit description of the
structure of the quotient space P(∂x,∂y)/E(∂x,∂y).
The remainder of this paper is organized as follows. As our key tools, residue cri-
teria for rational integrability and summability are recalled in Section 2. In Section 3,
we present structure theorems for rational WZ-pairs in three different settings. This
paper ends with a conclusion along with some remarks on the future research.
2 Residue criteria
In this section, we recall the notion of residues and their (q-)discrete analogues for
rational functions and some residue criteria for rational integrability and summabil-
ity from [11, 15, 38].
Let F be a field of characteristic zero and F(z) be the field of rational functions
in z over F . Let Dz be the usual derivation on F(z) such that Dz(z) = 1 and Dz(c)=0
for all c ∈ F . A rational function f ∈ F(z) is said to be Dz-integrable in F(z) if
f =Dz(g) for some g ∈ F(z). By the irreducible partial fraction decomposition, one
can always uniquely write f ∈ F(z) as
f = q+
n
∑
i=1
mi
∑
j=1
ai, j
d
j
i
, (1)
where q,ai, j,di ∈ F [z], degz(ai, j) < degz(di) and the di’s are distinct irreducible
and monic polynomials. We call ai,1 the pseudo Dz-residue of f at di, denoted by
presDz( f ,di). For an irreducible polynomial p ∈ F [z], we let Op denote the set
Op :=
{a
b
∈ F(z) | a,b ∈ F [z] with gcd(a,b) and p ∤ b
}
,
2 This is motivated by the fact that a differential form ω = gdx+ f dy with f ,g ∈ K(x,y) is exact
in K(x,y) if and only if f =Dy(h) and g=Dx(h) for some h ∈ K(x,y).
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and let Rp denote the set { f ∈ F(z) | p f ∈ Op}. If f ∈ Rp, the pseudo-residue
presDz( f , p) is called theDz-residue of f at p, denoted by resDz( f , p). The following
example shows that pseudo-residuesmay not be the obstructions forDz-integrability
in F(z).
Example 1. Let F := Q and f = (1− x2)/(x2 + 1)2. Then the irreducible partial
fraction decomposition of f is of the form
f =
2
(x2+ 1)2
−
1
x2+ 1
.
The pseudo-residue of f at x2 + 1 is −1, which is nonzero. However, f is Dz-
integrable in F(z) since f =Dz(x/(x
2+ 1)).
The following lemma shows that Dz-residues are the only obstructions for Dz-
integrability of rational functions with squarefree denominators, so are pseudo-
residues if F is algebraically closed.
Lemma 1. [15, Proposition 2.2] Let f = a/b ∈ F(z) be such that a,b ∈ F [z],
gcd(a,b) = 1. If b is squarefree, then f is Dz-integrable in F(z) if and only if
resDz( f ,d) = 0 for any irreducible factor d of b. If F is algebraically closed, then
f is Dz-integrable in F(z) if and only if presDz( f ,z−α) = 0 for any root α of the
denominator b.
By the Ostrogradsky–Hermite reduction [49, 33, 11], we can decompose a ratio-
nal function f ∈ F(z) as f = Dz(g)+ a/b, where g ∈ F(z) and a,b ∈ F[z] are such
that degz(a) < degz(b),gcd(a,b) = 1, and b is a squarefree polynomial in F[z]. By
Lemma 1, f is Dz-integrable in F(z) if and only if a= 0.
We now recall the (q-)discrete analogue of Dz-residues introduced in [15, 38].
Let φ be an automorphism of F(z) that fixes F . For a polynomial p ∈ F [z], we call
the set {φ i(p) | i∈Z} the φ -orbit of p, denoted by [p]φ . Two polynomials p,q∈F [z]
are said to be φ -equivalent (denoted as p ∼φ q) if they are in the same φ -orbit, i.e.,
p= φ i(q) for some i ∈ Z. For any a,b ∈ F(z) and m ∈ Z, we have
a
φm(b)
= φ(g)− g+
φ−m(a)
b
, (2)
where g is equal to ∑m−1i=0
φ i−m(a)
φ i(b)
if m≥ 0, and equal to −∑−m−1i=0
φ i(a)
φm+i(b)
if m< 0.
Let σz be the shift operator with respect to z defined by σz( f (z)) = f (z+1). Note
that σz is an automorphism of F(z) that fixes F . A rational function f ∈ F(z) is said
to be σz-summable in F(z) if f = σz(g)− g for some g ∈ F(z). For any f ∈ F(z),
we can uniquely decompose it into the form
f = p(z)+
n
∑
i=1
mi
∑
j=1
ei, j
∑
ℓ=0
ai, j,ℓ
σ ℓz (di)
j
, (3)
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where p,ai, j,ℓ,di ∈ F[z], degz(ai, j,ℓ) < degz(di) and the di’s are irreducible and
monic polynomials such that no two of them are σz-equivalent. We call the sum
∑
ei, j
ℓ=0 σ
−ℓ
z (ai, j,ℓ) the σz-residue of f at di of multiplicity j, denoted by resσz( f ,di, j).
Recently, the notion of σz-residues has been generalized to the case of rational func-
tions over elliptic curves [20, Appendix B]. The following lemma is a discrete ana-
logue of Lemma 1 which shows that σz-residues are the only obstructions for σz-
summability in the field F(z).
Lemma 2. [15, Proposition 2.5] Let f = a/b ∈ F(z) be such that a,b ∈ F[z] and
gcd(a,b) = 1. Then f is σz-summable in F(z) if and only if resσz( f ,d, j) = 0 for any
irreducible factor d of the denominator b of any multiplicity j ∈ N.
By Abramov’s reduction [1, 2], we can decompose a rational function f ∈ F(z) as
f = ∆z(g)+
n
∑
i=1
mi
∑
j=1
ai, j
b
j
i
,
where g ∈ F(z) and ai, j,bi ∈ F [z] are such that degz(ai, j) < degz(bi) and the bi’s
are irreducible and monic polynomials in distinct σz-orbits. By Lemma 2, h is σz-
summable in F(z) if and only if ai, j = 0 for all i, j with 1≤ i≤ n and 1≤ j ≤ mi.
Let q be a nonzero element of F such that qm 6= 1 for all nonzero m ∈ Z and let
τq,z be the q-shift operator with respect to z defined by τq,z( f (z)) = f (qz). Since q is
nonzero, τq,z is an automorphism of F(z) that fixes F . A rational function f ∈ F(z)
is said to be τq,z-summable in F(z) if f = τq,z(g)− g for some g ∈ F(z). For any
f ∈ F(z), we can uniquely decompose it into the form
f = c+ zp1+
p2
zs
+
n
∑
i=1
mi
∑
j=1
ei, j
∑
ℓ=0
ai, j,ℓ
τℓq,z(di)
j
, (4)
where c ∈ F,s,n,mi,ei, j ∈ N with s 6= 0, and p1, p2,ai, j,ℓ,di ∈ F[z] are such that
degz(p2) < s, degz(ai, j,ℓ) < degz(di), and p2 is either zero or has nonzero constant
term, i.e., p2(0) 6= 0. Moreover, the di’s are irreducible and monic polynomials in
distinct τq,z-orbits and z ∤ di for all i with 1 ≤ i≤ n. We call the constant c the τq,z-
residue of f at infinity, denoted by resτq,z( f ,∞) and call the sum ∑
ei, j
ℓ=0 τ
−ℓ
q,z (ai, j,ℓ) the
τq,z-residue of f at di of multiplicity j, denoted by resτq,z( f ,di, j). A q-analogue of
Lemma 2 is as follows.
Lemma 3. [15, Proposition 2.10] Let f = a/b ∈ F(z) be such that a,b ∈ F [z] and
gcd(a,b) = 1. Then f is τq,z-summable in F(z) if and only if resτq,z( f ,∞) = 0 and
resτq,z( f ,d, j) = 0 for any irreducible factor d of the denominator b of any multi-
plicity j ∈ N.
By a q-analogue of Abramov’s reduction [2], we can decompose a rational func-
tion f ∈ F(z) as
f = ∆q,z(g)+ c+
n
∑
i=1
mi
∑
j=1
ai, j
b
j
i
,
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where g ∈ F(z),c ∈ F, and ai, j,bi ∈ F [z] are such that degz(ai, j)< degz(bi) and the
bi’s are irreducible and monic polynomials in distinct σz-orbits and gcd(z,bi) = 1
for all i with 1≤ i≤ n. By Lemma 3, f is τq,z-summable in F(z) if and only if c= 0
and ai, j = 0 for all i, j with 1≤ i≤ n and 1≤ j ≤ mi.
Remark 1. Note that pseudo-residues are essentially different from residues in the
differential case, but not needed in the shift and q-shift cases.
3 Structure theorems
In this section, we present structure theorems for rationalWZ-pairs in terms of some
special pairs. Throughout this section, we will assume that K is an algebraically
closed field of characteristic zero and let ∂x ∈ {Dx,∆x,∆q,x} and ∂y ∈ {Dy,∆y,∆q,y}.
We first consider the special case that q ∈ K is a root of unity. Assume that m
is the minimal positive integer such that qm = 1. For any f ∈ K(x,y), it is easy
to show that τq,y( f ) = f if and only if f ∈ K(x)(y
m). Note that K(x,y) is a finite
algebraic extension of K(x)(ym) of degree m. In the following theorem, we show
that WZ-pairs in this special case are of a very simple form.
Theorem 1. Let ∂x ∈ {Dx,∆x,∆q,x} and f ,g ∈ K(x,y) be such that ∂x( f ) = ∆q,y(g).
Then there exist rational functions h∈K(x,y) and a,b∈K(x,ym) such that ∂x(a)= 0
and
f = ∆q,y(h)+ a and g= ∂x(h)+ b.
Moreover, we have a ∈ K(ym) if ∂x ∈ {Dx,∆x} and a ∈ K(x
m,ym) if ∂x = ∆q,x.
Proof. By Lemma 2.4 in [16], any rational function f ∈ K(x,y) can be decomposed
as
f = ∆q,y(h)+ a, where h ∈ K(x,y) and a ∈ K(x)(y
m). (5)
Moreover, f is τq,y-summable in K(x,y) if and only if a= 0. Then
∂x( f ) = ∆q,y(∂x(h))+ ∂x(a).
Note that ∂x(a) ∈ K(x)(y
m), which implies that ∂x(a) = 0 because ∂x( f ) is τq,y-
summable in K(x,y). Then ∆q,y(g) = ∆q,y(∂x(h)). So g = ∂x(h)+ b for some b ∈
K(x,ym). This completes the proof. 
From now on, we assume that q is not a root of unity. We will investigate WZ-
pairs in three different cases according to the choice of the pair (∂x,∂y).
3.1 The differential case
In the continuous setting, we consider WZ-pairs with respect to (Dx,Dy), i.e., the
pairs of the form ( f ,g) with f ,g ∈ K(x,y) satisfying Dx( f ) = Dy(g).
How to generate all possible rational Wilf–Zeilberger pairs? 9
Definition 2. A WZ-pair ( f ,g) with respect to (Dx,Dy) is called a log-derivative
pair if there exists nonzero h ∈ K(x,y) such that f = Dy(h)/h and g= Dx(h)/h.
The following theorem shows that any WZ-pair in the continuous case is a linear
combination of exact and log-derivative pairs, which was first proved by Christopher
in [19] and then extended to the multivariate case in [64, 12].
Theorem 2. Let f ,g ∈K(x,y) be such that Dx( f ) =Dy(g). Then there exist rational
functions a,b1, . . . ,bn ∈ K(x,y) and nonzero constants c1, . . . ,cn ∈ K such that
f = Dy(a)+
n
∑
i=1
ci
Dy(bi)
bi
and g= Dx(a)+
n
∑
i=1
ci
Dx(bi)
bi
.
Proof. The proof in the case when K is the field of complex numbers can be found
in [19, Theorem 2] and in the case when K is any algebraically closed field of
characteristic zero can be found in [12, Theorem 4.4.3].
Corollary 1. The quotient space P(Dx,Dy)/E(Dx,Dy) is spanned over K by the set
{( f ,g)+E(Dx,Dy) | f ,g ∈ K(x,y) such that ( f ,g) is a log-derivative pair}.
Remark 2. A differentiable function h(x,y) is said to be hyperexponential over
C(x,y) if Dx(h) = f h and Dy(h) = gh for some f ,g ∈ C(x,y). The above theo-
rem enables us to obtain the multiplicative structure of hyperexponential functions,
i.e., any hyperexponential function h(x,y) can be written as h= exp(a) ·∏ni=1 b
ci
i for
some a,bi ∈ C(x,y) and ci ∈ C.
3.2 The (q)-shift case
In the discrete setting, we consider WZ-pairs with respect to (∂x,∂y) with ∂x ∈
{∆x,∆q,x} and ∂y ∈ {∆y,∆q,y}, i.e., the pairs of the form ( f ,g) with f ,g ∈ K(x,y)
satisfying ∂x( f ) = ∂y(g).
Let θx ∈ {σx,τq,x} and θy ∈ {σy,τq,y}. For any nonzero m ∈ Z, θ
m
x is also an
automorphism on K(x,y) that fixes K(y), i.e., for any f ∈ K(x,y), θmx ( f ) = f if
and only if f ∈ K(y). The ring of polynomials in θx and θy over K is denoted by
K[θx,θy]. For any p = ∑i, j ci, jθ
i
xθ
j
y ∈ K[θx,θy] and f ∈ K(x,y), we define the ac-
tion p • f = ∑i, j ci, jθ
i
x(θ
j
y ( f )). Then K(x,y) can be viewed as a K[θx,θy]-module.
Let G = 〈θx,θy〉 be the free abelian group generated by θx and θy. Let f ∈ K(x,y)
and H be a subgroup of G. We call the set {cθ ( f ) | c ∈ K \ {0},θ ∈ H} the H-
orbit at f , denoted by [ f ]H . Two elements f ,g ∈ K(x,y) are said to be H-equivalent
if [ f ]H = [g]H , denoted by f ∼H g. The relation ∼H is an equivalence relation. A
rational function f ∈ K(x,y) is said to be (θx,θy)-invariant if there exist m,n ∈ Z,
not all zero, such that θmx θ
n
y ( f ) = f . All possible (θx,θy)-invariant rational func-
tions have been completely characterized in [4, 48, 52, 14, 13]. We summarize the
characterization as follows.
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Proposition 1. Let f ∈ K(x,y) be (θx,θy)-invariant, i.e., there exist m,n ∈Z, not all
zero, such that θmx θ
n
y ( f ) = f . Set n¯= n/gcd(m,n) and m¯= m/gcd(m,n). Then
1. if θx = σx and θy = σy, then f = g(n¯x− m¯y) for some g ∈ K(z);
2. if θx = τq,x, θy = τq,y, then f = g(x
n¯y−m¯) for some g ∈ K(z);
3. if θx = σx, θy = τq,y, then f ∈ K(x) if m = 0, f ∈ K(y) if n = 0, and f ∈ K if
mn 6= 0.
We introduce a discrete analogue of the log-derivative pairs.
Definition 3. AWZ-pair ( f ,g) with respect to (∂x,∂y) is called a cyclic pair if there
exists a (θx,θy)-invariant h ∈ K(x,y) such that
f =
θ sx − 1
θx− 1
• h and g=
θ ty− 1
θy− 1
• h,
where s, t ∈ Z are not all zero satisfying that θ sx (h) = θ
t
y(h).
In the above definition, we may always assume that s ≥ 0. Note that for any n ∈ Z
we have
θ ny − 1
θy− 1
=
{
∑n−1j=0 θ
j
y , n≥ 0;
−∑−nj=1 θ
− j
y , n< 0.
Example 2. Let a ∈ K(y) and b ∈ K(x). Then both (a,0) and (0,b) are cyclic by
taking h= a,s= 1, t = 0 and h= b,s= 0, t = 1, respectively. Let p= 2x+3y. Then
the pair ( f ,g) with
f =
1
p
+
1
σx(p)
+
1
σ2x (p)
and g=
1
p
+
1
σy(p)
is a cyclic WZ-pair with respect to (∆x,∆y).
LetV0 =K(x)[y] andVm be the set of all rational functions of the form∑
I
i=1 ai/b
m
i ,
where m ∈ Z+,ai,bi,∈ K(x)[y], degy(ai) < degy(bi) and the bi’s are distinct irre-
ducible polynomials in the ring K(x)[y]. By definition, the set Vm forms a subspace
of K(x,y) as a vector spaces over K(x). By the irreducible partial fraction decom-
position, any f ∈ K(x,y) can be uniquely decomposed into f = f0 + f1 + · · ·+ fn
with fi ∈Vi and so K(x,y) =
⊕∞
i=0Vi. The following lemma shows that the spaceVm
is invariant under certain shift operators.
Lemma 4. Let f ∈Vm and P ∈ K(x)[θx,θy]. Then P( f ) ∈Vm.
Proof. Let f = ∑Ii=1ai/b
m
i and P= ∑i, j pi, jθ
i
xθ
j
y . For any θ = θ
i
xθ
j
y with i, j,k ∈ Z,
θ (bi) is still irreducible and degy(θ (ai))< degy(θ (bi)). Then all of the simple frac-
tions pi, jθ
i
xθ
j
y (ai)/θ
i
xθ
j
y (bi)
n appearing in P( f ) are proper in y and have irreducible
denominators. If some of denominators are the same, we can simplify them by
adding the numerators to get a simple fraction. After this simplification, we see
that P( f ) can be written in the same form as f , so it is in Vm. 
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Lemma 5. Let p be a monic polynomial in K(x)[y]. If θmx (p) = cθ
n
y (p) for some
c ∈ K(x) and m,n ∈ Z with m,n being not both zero, then c ∈ K.
Proof. Write p= ∑di=0 piy
i with pi ∈ K(x) and pd = 1. Then
θmx (p) =
d
∑
i=0
θmx (pi)y
i = c
d
∑
i=0
piθ
n
y (y
i) = cθ ny (p).
Comparing the leading coefficients in y yields c = 1 if θy = σy and c = q
−nd if
θy = τq,y. Thus, c ∈ K because q ∈ K. 
Lemma 6. Let f ∈ K(x,y) be a rational function of the form
f =
a0
bm
+
a1
θx(bm)
+ · · ·+
an
θ nx (b
m)
,
where m ∈ Z+,n ∈ N,a0,a1, . . . ,an ∈ K(x)[y] with an 6= 0 and b ∈ K(x)[y] are such
that degy(ai) < degy(b) and b is an irreducible and monic polynomial in K(x)[y]
such that θ ix(b) and θ
j
x (b) are not θy-equivalent for all i, j ∈ {0,1, . . . ,n} with i 6= j.
If θx( f )− f = θy(g)− g for some g ∈ K(x,y), then ( f ,g) is cyclic.
Proof. By a direct calculation, we have
θx( f )− f =
θx(an)
θ n+1x (bm)
−
a0
bm
+
θx(a0)− a1
θx(bm)
+ · · ·+
θx(an−1)− an
θ nx (b
m)
.
If θx( f ) − f = θy(g)− g for some g ∈ K(x,y), then all of the θy-residues at
distinct θy-orbits of θx( f )− f are zero by residue criteria in Section 2. Since
bm,θx(b
m), . . . ,θ nx (b
m) are in distinct θy-orbits, θ
n+1
x (b
m) must be θy-equivalent to
one of them. Otherwise, we get
a0 = 0, θx(a0)− a1 = 0, . . . , θx(an−1)− an = 0, and θx(an) = 0.
Since θx is an automorphism on K(x,y), we have a0 = a1 = · · · = an = 0, which
contradicts the assumption that an 6= 0. If θ
n+1
x (b
m) is θy-equivalent to θ
i
x(b
m)
for some 0 < i ≤ n, so is θ n+1−ix (b
m), which contradicts the assumption. Thus,
θ n+1x (b
m) = cθ ty(b
m) for some c ∈ K(x) \ {0} and t ∈ Z. By Lemma 5, we have
c ∈ K \ {0}. A direct calculation leads to
θx( f )− f=
θx(an)
θ n+1x (bm)
−
a0
bm
+
n
∑
i=1
θx(ai−1)− ai
θ ix(b
m)
=
θx(an)
cθ ty(b
m)
−
a0
bm
+
n
∑
i=1
θx(ai−1)− ai
θ ix(b
m)
=
θ−ty θx(an/c)− a0
bm
+
n
∑
i=1
θx(ai−1)− ai
θ ix(b
m)
+θy(u)− u
for some u ∈ K(x,y) using the formula (2). By the residue criteria, we then get
a0 = θ
−t
y θx(an/c),a1= θx(a0), . . . , and an = θx(an−1). This implies that θ
n+1
x (a0)=
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cθ ty(a0) and ai = θ
i
x(a0) for i ∈ {1, . . . ,n}. So f =
θn+1x −1
θx−1
•h with h= a0/b
m, which
leads to
θx( f )− f = θ
n+1
x (h)− h= θ
t
y(h)− h= θy(g)− g with g=
θ ty− 1
θy− 1
• h.
Thus, ( f ,g) is a cyclic WZ-pair. 
The following theorem is a discrete analogue of Theorem 2.
Theorem 3. Let f ,g ∈ K(x,y) be such that ∂x( f ) = ∂y(g). Then there exist rational
functions a,b1, . . . ,bn ∈ K(x,y) such that
f = ∂y(a)+
n
∑
i=1
θ six − 1
θx− 1
• bi and g= ∂x(a)+
n
∑
i=1
θ tiy − 1
θy− 1
• bi,
where for each i ∈ {1, . . . ,n} we have θ six (bi) = θ
ti
y (bi) for some si ∈ N and ti ∈ Z
with si, ti not all zero.
Proof. By Abramov’s reduction and its q-analogue, we can decompose f as
f = ∂y(a)+ c+
J
∑
j=1
f j with f j =
I
∑
i=1
Li, j
∑
ℓ=0
ai, j,ℓ
θ ℓx (b
j
i )
,
where a ∈ K(x,y),c ∈ K(x), and ai, j,ℓbi ∈ K(x)[y] such that c = 0 if θy = σy,
degy(ai, j,ℓ) < degy(bi), and the bi’s are irreducible and monic polynomials belong-
ing to distinct G-orbits where G = 〈θx,θy〉. Moreover, θ
ℓ1
x (b
j
i ) and θ
ℓ2
x (b
j
i ) are in
distinct θy-orbits if ℓ1 6= ℓ2. By applying Lemma 4 to the equation θx( f )− f =
θy(g)− g, we get that θx(c)− c is θy-summable and so is θx( f j)− f j for each
multiplicity j ∈ {1, . . . ,J}. By residue criteria for θy-sumability and the assump-
tion that the bi’s are in distinct 〈θx,θy〉-orbits, we have θx(c)− c = 0 and for each
i ∈ {1, . . . , I}, the rational function fi, j := ∑
Li, j
ℓ=0ai, j,ℓ/θ
ℓ
x (b
j
i ) is either equal to zero
or there exists gi, j ∈ K(x,y) such that θx( fi, j)− fi, j = θy(gi, j)−gi, j. Then ( fi, j ,gi, j)
is cyclic by Lemma 6 for every i, j with 1 ≤ i ≤ I and 1 ≤ j ≤ J. So the pair ( f ,g)
can be written as
( f ,g) = (∂y(a),∂x(a))+ (c,0)+
I
∑
i=1
J
∑
j=1
( fi, j ,gi, j).
This completes the proof. 
Corollary 2. The quotient space P(∂x,∂y)/E(∂x,∂y) is spanned over K by the set
{( f ,g)+E(∂x,∂y) | f ,g ∈ K(x,y) such that ( f ,g) is a cyclic pair}.
How to generate all possible rational Wilf–Zeilberger pairs? 13
3.3 The mixed case
In the mixed continuous-discrete setting, we consider the rational WZ-pairs with
respect to (θx− 1,Dy) with θx ∈ {σx,τq,x}.
Lemma 7. Let p be an irreducible and monic polynomial in K(x)[y]. Then for any
nonzero m ∈ Z, we have either gcd(p,θmx (p)) = 1 or p ∈ K[y].
Proof. Since θx is an automorphism on K(x,y), θ
i
x(p) is irreducible in K(x)[y] for
any i ∈ Z. If gcd(p,θmx (p)) 6= 1, then θ
m
x (p) = cp for some c ∈ K(x). Write p =
∑di=0 piy
i with pi ∈ K(x) and pd = 1. Then θ
m
x (p) = cp implies that θ
m
x (pi) = cpi
for all i with 0 ≤ i ≤ d. Then c = 1 and pi ∈ K for all i with 0 ≤ i ≤ d − 1. So
p ∈ K[y]. 
The structure of WZ-pairs in the mixed setting is as follows.
Theorem 4. Let f ,g ∈ K(x,y) be such that θx( f )− f = Dy(g). Then there exist
h ∈ K(x,y), u ∈ K(y) and v ∈ K(x) such that
f = Dy(h)+ u and g= θx(h)− h+ v.
Proof. By the Ostrogradsky–Hermite reduction, we decompose f into the form
f = Dy(h)+
I
∑
i=1
Ji
∑
j=0
ai, j
θ
j
x (bi)
,
where h ∈ K(x,y) and ai, j,bi ∈ K(x)[y] with ai,Ji 6= 0, degy(ai, j) < degy(bi) and bi
being irreducible and monic polynomials in y over K(x) such that the bi’s are in
distinct θx-orbits. By a direct calculation, we get
θx( f )− f = Dy(θx(h)− h)+
I
∑
i=1
(
θx(ai,Ji)
θ Ji+1x (bi)
−
ai,0
bi
+
Ji
∑
j=1
θx(ai, j−1)− ai, j
θ
j
x (bi)
)
.
For all i, j with 1≤ i≤ I and 0≤ j ≤ Ji+ 1, the θ
j
x (bi)’s are irreducible and monic
polynomials in y over K(x). We first show that for each i ∈ {1, . . . , I}, we have bi ∈
K[y]. Suppose that there exists i0 ∈ {1, . . . , I}, bi0 /∈K[y]. Then gcd(θ
m
x (bi0),bi0) = 1
for any nonzerom ∈ Z by Lemma 7. Since θx( f )− f is Dy-integrable in K(x,y), we
have θx(ai0,Ji0 ) = 0 by Lemma 1. Then ai0,Ji0 = 0, which contradicts the assumption
that ai,Ji 6= 0 for all i with 1≤ i≤ I. Since bi ∈ K[y], f can be written as
f = Dy(h)+
I
∑
i=1
ai
bi
, where ai :=
Ji
∑
j=0
ai, j.
Since θx( f )− f is Dy-integrable in K(x,y) and since
θx( f )− f = Dy(θx(h)− h)+
I
∑
i=1
θx(ai)− ai
bi
,
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we have θx(ai)− ai = 0 for each i ∈ {1, . . . , I} by Lemma 1. This implies that ai ∈
K(y) and f = Dy(h)+ u with u = ∑
I
i=1 ai/bi ∈ K(y). Since θx( f )− f = Dy(g), we
get Dy(g− (θx(h)− h)) = 0. Then g= θx(h)− h+ v for some v ∈ K(x). 
Corollary 3. The quotient space P(θx−1,Dy)/E(θx−1,Dy) is spanned over K by the set
{( f ,g)+E(θx−1,Dy) | f ∈ K(y) and g ∈ K(x)}.
4 Conclusion
We have explicitly described the structure of rational WZ-pairs in terms of special
pairs. With structure theorems, we can easily generate rational WZ-pairs, which
solves Problem 1 in the rational case completely. For the future research, the next
direction is to solve the problem in the cases of more general functions. Using the
terminology of Gessel in [22], a hypergeometric term F(x,y) is said to be a WZ-
function if there exists another hypergeometric termG(x,y) such that (F,G) is aWZ-
pair. In the scheme of creative telescoping, (F,G) being a WZ-pair with respect to
(∂x,∂y) is equivalent to that ∂x being a telescoper for F with certificate G. Complete
criteria for the existence of telescopers for hypergeometric terms and their variants
are known [3, 17, 13]. With the help of existence criteria for telescopers, one can
show that F(x,y) can be decomposed as the sum F = ∂y(H1)+H2 withH1,H2 being
hypergeometric terms and H2 is of proper form (see definition in [62, 22]) if F is
a WZ-function. So it is promising to apply the ideas in the study of the existence
problem of telescopers to explore the structure of WZ-pairs.
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